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Abstract

In this paper, we extend results given by Zé and Cuenya in 2007 about a general approach to
problems of best vector-valued approximation on small regions from a finite dimensional subspace
of polynomials of some degree. This approach is called best local approzimation. We consider a
weighted local approximation of a vector valued function on the origin and a weighted best local
approximation of a real valued function on several points, similar to classical problems in best

local approximation with balanced neighborhood.
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1 Introduction

In 1934, Walsh proved in [13] that the Taylor polynomial of degree [ for an analytic function f can be
obtained by taking the limit as ¢ — 0 of the best Chebyshev approximation to f from 7! on the disk
|z| < e, where 7! is the class of polynomials of degree at most I. This paper was the first association
between the best local approximation to a function f from 7! in 0 and the Taylor polynomial for f
at the origin. However, the concept of best local approximation was introduced by Chui, Shisha, and
Smith in [4]. More recently, the best local approximation on several points has been developed in L?
spaces, by [1], [11], [12], [10] and [7], in Orlicz spaces by [9] and with abstract seminorms by [15]. All
these studies have considered neighborhoods with the same size on each point. The theory on several
points with neighborhoods with different sizes has been introduced by [3] in LP spaces, and developed

by [6], [5] and [8] in Orlicz spaces and by [14] in approaching with abstract seminorms.
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We consider a family of function seminorms {|| - || }e>0, acting on Lebesgue measurable functions
F: B CR" — R where B is the unit ball centered at the origin in R™. Given a fixed k-tuple of real
numbers ¥ = (71, ..., %), with v; > 0, we denote for each € > 0, F&" (z) = (fi(e"x), ..., fe(¢7*z)) and
||F||X = ||F?"||e. For m € NU{0}, we denote by 7™ the class of algebraic polynomials in n-variables
of degree at most m, and I the set {P = (p1,...,px) : pi € 7 }, with m; € Ng fori =1,..., k.
When m; = my = ... = my, = m, we write 1I7".

Let {P.}c>0 be a net of best approximants to F from II"™ "™k with respect to || - ||%, i.e., P. €
ITmt-™k and

|F — P.||: <||[F—PJ|Z, forall PelIl™ Mk (1.1)

If the net {P.}.>0 has a limit as e — 0, this limit is called the best local approxzimation to F from
[me™mk on the origin.

In [15], the authors studied the problem (1.1) when v1 = v = ... = v, = 1 and m; = ... = my,.
The authors define the class t"* as the functions F' which have a Taylor polynomial of degree m at 0 in
some sense. They proved the existence of the best local approximation to F' in 0, and it was associated
with the Taylor polynomial of F' at 0.

In this paper, we study the problem (1.1) and we extend the result of [15] to a net of seminorms that
depends on the weight parameters 71, ¥a, ..., 7x. We consider an approach of a function F' = (f1, ..., fx)
with different weights on each function f;. For this purpose, we define a new concept of Taylor
polynomial of F', whose degree of the i*" component is at most m; — 1. We also define a new concept
of balanced k—tuple (mq,...,my). This k—tuple satisfies a condition relating the order of the Taylor
polynomial with the weight (€7, ..., €7*).

Now, we present an alternative problem to (1.1) that includes classical problems of best multipoint
local approximation to a function f when the weight €7 = €72 = ... = €7+,

Let {z1,...,x;} C [-1,1] and let M be the set of Lebesgue measurable functions f : [-2,2] CR —
R. We define

Lf@) = (a1 + ), flon + ), w€[-L1], feM.
N-1}

Given a positive integer N, we study the best local approximation to Lf from theset {Lp: p e

*
€

with respect to ||.||?, i.e., for each € > 0, let p. be a polynomial in 7¥~! that minimizes the error

IL(f) = Lp)le, (1.2)

for all p € 7V=1. If the net {p.}e>o converges to a limit in 7V =1, this limit is called best multipoint
local approximation of f on x1, ..., Tk.
This problem, for v; = 72 = ... = 7, has been studied in [12] and [7] for the classical L? seminorms,

in [9] for classical Luxemburg norm and in [15] for abstract seminorms.



In [3], the authors introduced a concept of balanced neighborhoods and balanced integers to solve
a problem of best multipoint local approximation in LP spaces. Later, [6], [5] and [8] extended these
studies to Orlicz spaces with Luxemburg seminorms.

In this paper, we study the problem (1.2) which generalizes some results given in [15] to a net of
seminorms that depends on the parameters 71,7, ..., 7x to weight the points z1, 2o, ..., x) differently.
For this purpose, we define a new concept of balanced integers in the context of this work.

This paper is organized as follows. In section 2, we set up conditions over the net of seminorms
and define a balanced k—tuple, study its properties and give an algorithm which generates them. In
section 3, we define a Taylor polynomial of a function on the origin, study its properties and present
some preliminary results. In section 4, we show some results on the best local approximation of a
function F' on the origin, when the approximation class is II"™>»™ and (my,...,myg) is a balanced
k-tuple. Then, we present some preliminary results to extend classical theorems of best multipoint

local approximation of a function f. Finally, we solve the problem (1.2).

2 The norm set up and Balanced Integers

Throughout the paper, we assume the following properties for the family of seminorms ||-||c, 0 < e < 1.

We rewrite these properties from [15, page 195].

(1) For F = (f1,...,fx) and G = (g1,...,9k), we have ||F|c < ||G||c for every € > 0, whenever
[fsl <lgsl, s=1,... k.

(2) If 1 is the function F(z) = (1,...,1), we have ||1]. < oo for all € > 0.

(3) For every F' € Ci(B), we have ||F||. = [|Fllo, as € — 0, where C%(B) is the set of continuous

functions F : B C R™ — R¥. Moreover, || - ||o is a norm on Cy(B).

A simple example of a net of seminorms fulfilling conditions (1)-(3) is || F||. = <Z f | fi(z)|PTe dx
for € > 0, with p > 1. For other examples of nets of seminorms fulfilling conditions (1)-(3), we refer

the reader to [15, section 2].

1/p
In particular, when n = 1, let us denote the seminorms || F||c p, := (E f | fi(2)|P da:) fore >0

and p > 1. In this case, the seminorm || - [|7 , of a function F' = (f1,..., fx) is
k evi l/p
> [unerg) )

We will use the net of seminorms {|| - ||c p}e>0 In several examples throughout this paper.

1/p+e



In relation to balanced integers, we can see that in the problem (1.1), €7, ..., € produce different
weights over the functions fi,..., fr in the approximation. On the other hand, in the problem (1.2),
€" ..., €7 produce different weights over the points 1, ..., 5. In this section, we define the balanced
integers, which is a concept that depends on weight and approximation class. We give some properties
of these integers. Also, we present a form to obtain balanced integers thought an algorithm.

In [3], the authors introduced the concept of balanced integer to solve a problem of best multipoint
local approximation in LP spaces. Now, we define a new concept of balanced integer in the context of
this paper.

Given a k-tuple of non negative integers (ms, ..., my) and a k-tuple of real numbers v = (71, ..., V&),

with v; € RT, we denote ~;,m;, = 1r<11j£1k{’yimi}.
_/L_

Definition 2.1. A k—tuple of non negative integers (mq,...,my) is balanced if, for each m; > 0,
k

Yio™io = o(e(™i =17 qs € — 0. In this case, we denote N = 3. m; as a balanced integer.
i=1

We can see that 0 is a balanced integer. Additionally, under the assumption vy, = ... = g, this

concept of balanced integer is equivalent to that introduced in [3].

Example 2.2. Given v = (3,2,1), we have that (1,2,8) and (1,3,3) are balanced 3-tuples. So N = 6
and N = 7 are balanced integers. In fact, (1,2,3) is balanced because v;ym;, = 3, €& = o(€?) and

€2 = o(1) for each m; > 0. Analogously, we can compute that (1,3,3) is balanced.

Remark 2.3. It is easy to see that if y1 = ... = Yk, a k-tuple M = (mq,...,my) is balanced if and
only if M = (m,...,m). In the literature, it is known as the multiple case because N = Zle m is a

multiple of k. In this case, the approzimation in the problem (1.1) is from II}* while in the problem

(1.2) it is from 7™~ as in [15].

The balanced integer concept yields a connection between the weight €71, ...,¢" and the degree
mi, ..., my of the approximation class. This connection allows us to solve the problems (1.1) and (1.2).
Now, we will see that, given v = (71, ...,7%), a balanced integer is uniquely related with a unique

balanced k-tuple.

Proposition 2.4. Given v = (71, ...,7k), to each balanced integer with respect to v there corresponds

exactly one balanced k—tuple.

Proof. Let be (my,...,mg) a balanced k—tuple and (71, ...,my) a different k-tuple such that N =
k A
Doie1 M = D g M.

So, there exist s,j with m; < m; —1 and ms < ms, — 1. We denote v;;m;, = 1r<nj£1k{%-mi} and
717

i, = min {v;m;}. Then
’V'Ll 11 1S1§k{’yl 'L}

YioMio — 0(675(7713—1)) — O(G%WS) _ O(EWIWil ).



Thus,

€Yip My €Yip My €Yip My
— — OO
v (Mi—1) = vim; = YioMig ’
as € — 0. Therefore, (T, ...,My) cannot be a balanced k—tuple. O

Proposition 2.5. Given a k—tuple M = (mq,...,my) with integers m; > 0, there exists a k-tuple

v = (Y1, .-y k) Such that M is a balanced k—tuple with respect to ~y.
Proof. In fact, we can consider y; = mii, 1<i<k. O

Throughout the paper, v = (y1,72, ..., V&) will denote a fixed k-tuple of real numbers with ~; > 0.
All the balanced k-tuples and balanced integers are balanced with respect to . The net of seminorms
{I]-|I* }e>o0 is also with respect to 7.

The following two results allow us to state an algorithm to compute exactly all the balanced k-

tuples. For this purpose, we define the following sets. Given a balanced k—tuple (my, ..., my), set
A={j: vym;= 1r<nii£1k{'yimi}} and B:={j: j ¢ A}. (2.2)

Lemma 2.6. Let (mq,...,mi) and (qi,...,qx) be two balanced k-tuples with Y . mi < Y p_; -
Consider the sets A and B defined in (2.2) for the k—tuple (mq,...,my). Then

a) if j € A, then ¢; > m; +1;
b) if j € B, then ¢; > m;.

Proof. Throughout the proof we denote v,q, = 1r<n»i2k{%qi}'
717
a) Suppose to the contrary that ¢; < m; for some j € A. By hypothesis, there is an index I such
that ¢; > m; + 1. Then,

€Vsls €7i% €Vil

> as €—0
enlam—1) = emila—1) = evirmu — ’

and (q1, ..., gx) cannot be balanced. So, we obtain that ¢; > m; + 1 for all j € A.
b) It is obvious when m; = 0 for all j € B. Now, suppose that q; < mj for some j € B. Then, for
l € A, from a) we known that ¢; > 0 and ¢; — 1 > my, so

€Vsds it vi(mi=1)
— o0 as §—0,

en(a—1) = evmu = emmu

where the last condition holds because (mg,...,my) is balanced. Therefore, (qi,...,qx) cannot be

balanced. So, we obtain that ¢; > m; for all j € B. O

Given a balanced integer, the above lemma gives us a necessary condition which must satisfy the
next balanced integer. The following proposition shows that the equality in this condition generates

exactly the following balanced integer.



Proposition 2.7. Given a balanced k—tuple (mq, ..., my), consider the sets A and B defined in (2.2).
Then, the k-tuple (q1,...,qr) defined by qj =m; +1, j € A, and q; =m;, j € B, is balanced.

Proof. Let v5qs = min {v;¢;} and ¢; > 0. Then
1<i<k

%:ewzo(l), if s€ Aand [ € A
€reds ilgli; = Efl?f:i) €’ =0(1), if s€ A and! € B, by balanced definition;
enta—1) e =o(1), if s€ Bandl € A;
efl?f:fl) < Eiji:jiol) = o(1), if s € B and [ € b, where ij is an index in A.
So, (q1,-.-qm) is balanced. O

An algorithm was given in [3] which generates all balanced integers in the sense of Chui et. al. in
LP spaces. It was restated and generalized to Luxemburg seminorms in [6] and [5].

Next, we present an algorithm analogous to that in [3], which inductively generates exactly all the
balanced k-tuples, i.e., it generates all balanced k—tuples (m(lm), ...7m,(fm)), such that Zle m,l(m) is a

balanced integer.

Algorithm. Begin with the balanced k—tuple (m&o), ...,mg))) = (0, ...,0) corresponding to the bal-
anced integer 0. Then, in each step, given a k-tuple (mgm), e m,(vm)) for m > 0, determine the index

( n) _ m ™)
set Ay = ={j: vm 1r<111£1k{% 1}
To build the next k—tuple (m 5"’*”, . mémﬂ)) put m(m+1) Z(-m) +1, for i € Ay, and mEmH) =
mgm), for i ¢ A(p).

The super index (m) denote the number of steps in the algorithm minus one.
Lemma 2.8. The above algorithm generates exactly all balanced k-tuples.

Proof. From Proposition 2.4, to each balanced integer there corresponds exactly one balanced k—tuple.
Thus, as a consequence of Lemma 2.6 and Proposition 2.7, an integer N is balanced if only if N =

>, m; for some balanced k-tuple (my, ..., my) generated by this algorithm. O

Now, we present an example with simple computation to understand the algorithm.

Example 2.9. Given v = (3,4,2).
The algorithm generates the first balanced 3-tuple (mg ),méo),mg )) = (0,0,0), which corresponds to
the balanced integer N = 0. Then

Ay = {5+ ym'” = min{yim”, yem§”, ysmi7 1y = {5+ m” = min{0,0,0}} = {1,2,3}.

The second balanced 3-tuple is (mg ),mgl),mgl)) = (1,1,1), which corresponds to the balanced integer

N = 3. Then

Aqy = {5+ ym'? = min{ym{Y yamY yam{V}y = {50 ymi” = min{3,4,2}} = {3}



The following balanced 3-tuple is (mg ), mgz), (2))

N =4. Then

(1,1,2), which corresponds to the balanced integer

Ay = {5 ym'? = min{yim{,yem$? ysm$ ) = {7+ ym$ = min{3,4,4}} = {1}.

The following balanced 3-tuple is (m g ) m(23), (3))

N =5. Then

(2,1,2), which corresponds to the balanced integer

Agy = {5+ ym$® = min{ym®, vam$? 45m{P3 = {0 3ymY = min{6,4,4}} = {2,3}.

The following balanced 3-tuple is (mg ), m(24), (4))

N =7. Then

(2,2,3), which corresponds to the balanced integer

Ay ={J: fyjmyl) = min{71m§4),'ygmg4),’ygmg4)}} ={j: yjm§.4) = min{6,8,6}} = {1, 3}.

The following balanced 3-tuple is (mg5), m(25), mg5))

N =9. And so on.

(3,2,4), which corresponds to the balanced integer

3 The Taylor polynomial

Now, we introduce a generalized version of Taylor polynomial. When 3 = ... = 7, it generalizes the

definition of Taylor polynomial given by A. P. Calderén and A. Zygmund in [2].

Definition 3.1. Given a k-tuple M = (mq,...,my) with positive integers m;, a function F : B C
R™ — R* has a Taylor polynomial of degrees my — 1,...,my, — 1 if there exists Thy_1 = Ty-1(F) €
mm—besme—1 gych that

[[F' = Tar—1|]Z = O(e70™ ),

where y;,m;, = 1r<nl£1k{'yzmz} In this case, we write F € tM—1,
717

Note that if y3 = ... = 9% and m; = ... = my = m, the class of function which have a Taylor
polynomial in TI™1~1-me=1 is more restrictive than the class given in [15, Definition 3.1]. Therefore,

t™ =1 in the sense of the present

the results we generalize from [15] are generalized considering the class
work.
In the following example, we present a function F' that does not have Taylor polynomial Th;_; for

some M > 0.

Example 3.2. Let be k =1 v = (v1) and M = (1). Then, the function defined by F(z) = 1, for
x>0, and F(z) = —1, for x < 0, does not have any Taylor polynomial in 7° with respect to the
seminorms in L' deﬁned in (2.1). In fact, any polynomial To(x) = ¢ € 7°, with ¢ € R, satisfies that
|F = Tollf, = f o [F = To| & & = C # o(e) = O(e"o™i0), where the constant C only depends on Tp.
So F ¢ tM—1,



However, under some condition about the function, we can prove the existence of the Taylor
polynomial as we present in the following proposition.
Given a = (a, ..., a;) € N¥ with a; > 0, we denote

o“f = o°f

0%121...0% 1y,

(0% «
, lali=o+ ok, 2% =itk

If FetMland T = Ty 1(F) = 2_0<|aj<m Caz®, we set 0“F(0) for the vector alCy with al =

ailas!.....ap!. In particular, if Lf € tM~1 we set (0% f(x1),...,0%f(x)) for tha vector a!C,.

Proposition 3.3. Given a k-tuple M = (my,...,my), if F : B C R® — R¥ with F = (f1,..., fx) is a
function such that f; € C™(B), fori=1,...,k, then F € tM~1,

Proof. We have that FV(x) = (f1(e"x), ..., fr(e"*x)), x € B. Using, for each index i the usual Taylor

polynomial of the function f; of degree m; — 1 around the origin, 7; ,,—1, we obtain that

07 f3(0)
JHGEIESY Ws”’”alx“ + 0" ™) =: Ty, —1 () + O™, =z € B.
|a|=0 ’

Denote Thr—1 = (T1,my=1, s Tk,mp—1)- S0, there exists a constant M > 0 such that
|fi(e7ix) = T; my—1 (7)) < M|e¥™ | < M'|eY0™i0|, 2 € B.
Using the monotony of the seminorms ||.||.,
1F" = Tip_ale < M'eomo][1]]..
So, by the second condition about seminorms,
[|F'—Tar—1]|E = O(g70™0), e — 0.
So F € t"~1 as we required. O

In the following example, we present a function F' € ™~ whose Taylor polynomial is not unique.

Example 3.4. Given v = (3,2) and the not balanced k—tuple M = (3,3), let define the function
F = (f1, f2), with fi(z) = 2> and fy € 7%. We will prove that T = (T1, f2) and T = (T4, f2) are both
Taylor polynomials of F with respect to the seminorms in L' defined in (2.1), where Ty(x) = 0 and

Ty(x) = 22. In fact, we must prove that

3 3
. € dx ¢ — dx
IF =Tl = [ =215 =0l (or [ 1A-T5 =ol@). ()

On the other hand, we have that
dr e

63
Y N e
[€3|f1 1|63 5



and .
€ _ dx e b b
ST S =Sy <0t
/_63|f1 e 7 Te3 =3

So, T and T satisfy the condition (3.1).

To prove the uniqueness of the Taylor polynomial we present some auxiliary results. To this purpose

we now cite [15, Proposition 3.1].
Proposition 3.5. There exist C = C(m, k) and 0 < e(m) such that, for all 0 < e < ¢(m),
C7Y|Pllo < 1IPlle < ClIPllo,
for all P € 117",
As a consequence we obtain the following Corollary.

Corollary 3.6. There is a constant C' > 0 such that

Ol

e‘al’)’i

10%pi(0)] <

for all P = (py,...,px) € MM~ Lm0 < |a| <m; — 1,1 <i<k.
Proof. From Proposition 3.5 we obtain that
1P o < CIIP e,

for all P € II™1~1L-me=1 and for all € > 0. Denote P = (p1, ..., px) € ™1~ L-me=1 So the function

[|[P|]| == max max |9%p;(0)| is a norm on I ~1-»mt=1  Then, from the norm equivalence,
1<i<k 0<||<m;—1

using P (z) = (p1(€x), ..., pr(€"%x)), we obtain that

Qo (TE <P,
X max  |0%pi(€ @) la=o [ < ClIP |

So

vilelgap (0)] < C||PE"
2B o lax e pi(0)] < Cl[P e,

for all P € TI™ —L+ms=1 Then
erlelorp: o)) < CI|P7 |l

for all P = (p1,...,px) € M1~ Leome=l 0 <Jo| <m; —1,1<i < k. O

Now, under some conditions, we prove the uniqueness of the Taylor polynomial of a vector valued

function F'. Using remark 2.3, the following theorem extends [15, Proposition 3.3].

Theorem 3.7. Given M = (myq,...,my) with m; > 0, and F € t™ =1 M is a balanced k—tuple if and

only if the Taylor polynomial of the function F is unique.



Proof. Let M = (mq,...,mi) be a balanced k-tuple. Suppose that there are two Taylor polynomials
of F, Tar—1 and Thar—1. Then |[Tar—1 — Tar—1||7 = O(¥0™i0). We denote Ths—1 = (p1, ..., px) and
Trr—1 = (Py, - Pp)- Using Corollary 3.6 for Thy—1 — T'ar—1 and the definition of balanced k-tuple M,
we obtain that

, €YipMig

C _
10%(pi —=P;)(0)] < ———|[[Tar—1 —Tm-1|[f <C

— elalvi - 0(1)’

elmi=1)v; —

as e — 0, for 0 < |a] <m; — 1,1 < i< k. Then, the norm

Thr— _T — = « ,L-—i. = 0.
1Tar—2 =Tl = max | max  10%(pi =7:)(0)] = 0

So, Thi—1 = Tar—1 as we required. On the other hand, suppose that M is not balanced. Then there
€0 Mo

exists an index ¢ such that P ey

o(1), as € — 0. Therefore, vigm,, < 7i(mi —1). Denote
by Tar—1 = (p1,...,px) the unique Taylor polynomial of F in II"™1~L--m=1  Define Ty ;(z) =
(p1(x), ..o, pi(z) + 2™~ pr(x)) and G(z) = (0, ...,2™~1 ...0), where the monomial ™! is the i*"
component of G. Then, using properties (1) and (2) of the net {||||c}¢, we obtain |G| < ||1]|Fe¥(mi=1),

Therefore, using Yigmig < ~i(m; — 1), we obtain
IF —=Try-allf <|IF = TarallZ + [|G|Z = O(eio™0).

So, Trr—1 is another Taylor polynomial of F, which yields a contradiction. O

4 Best Local Approximation

Now, we study the problem of best local approximation (1.1) of a vector-valued function F' on the
origin. Given a function F : B — R"™ and a k—tuple M = (mgq,...,my), denote by P. the best
approximation to F from II™1~1-~™x~1 with respect to the net of seminorms ||.|[*. We can see that
P, exists if F' € C(B), although it can be non unique.

The following theorem proves the existence of the best local approximation of F' on the origin and
gives a characterization of this approximation. It extends [15, Theorem 3.1] to local approximation

with different weights. Denote M,(F'), for ¢ > 0, as the set of best approximations P, to F' from

Hmlfl,..‘,mkfl.
Theorem 4.1. Let M = (my,...,my) be a balanced k—tuple and F € t"~1. Then,

sup  |[Tar—1 — Pel[ree(By = 0, as € = 0.
P.eM.(F)

Proof. Using the triangular inequality, we obtain that ||Tps—1 — Pe||f = O(e0™i0). Denote P, =

(Pe1y -y Pes) and Tay—1 = (p1, ..., pk) as two k—tuples of polynomials in II"1~1-m&=1 From Corollary

10



3.6, there exist constants C' = C'(k, m) and C’ such that

C HTm—l - ]D€||:< < C/ €Yo Mo

o — . S —
\3 (pe,’t p?,)| S ela"‘/i — e(mi—l)’)’i

o(1),
ase— 0, for 0 <|a] <m; —1,1<i<k. Then

p— — @ s — . =
1Ty = Pl := max | max  [0%(pes —pi)| = of1),

as € — 0. So, by the norm equivalence on II"™+ =1~ "we obtain ||Th—1 — Pe||p(5) — 0, as € — 0.
Since the constants C', C’ and the equivalence constant only depend on m, k,Ty;_1, the convergence
does not depend on the election of P.. Therefore,

sup HTmfl_PeHLoo(B)—)O, as € — 0.
P.eM.(F)

O

Remark 4.2. Under the hypothesis of Theorem 4.1, Tar—1 is the best local approximation to F' on the

origin and the convergence is uniform and independent from the selection of the net {P:}eso.

Example 4.3. Given v = (3,2) and the balanced k—tuple M = (1,1), we define the function F' =
(f1, f2), with fi(x) = %x forxz >0, fi(z) =z forx <0, and fo(z) = % for x € R. We will prove that
T = (T1,Ts) with Ty(x) =0 and Te(x) = %, for x € [—=1,1] is the Taylor polynomial of F with respect
to the seminorms in L' defined in (2.1). In fact, T € 113 and we prove that

. < 5 dx de 545 1
HF_THa,l :/ |f1| / / ‘ | Z 56220(62).

Then, from Theorem 4.1, P. = T as e — 0, i.e., T is the best local approximation of F' on the origin

with respect to the seminorm || - [|% ;.

Remark 4.4. We observe that, given a polynomial P = (py, ..., px) € ™ ~Lme=1 “phose component
p; interpolates the derivatives fi(j)(O), 0<j3<m—1, forl < <k, of a certain function F =
(f1,-s f). From Proposition 2.5, there exists a scaling (€, ..., €") such that M = (mq,...,my) is a
balanced k-tuple. Using the proof of Proposition 3.3, P € II™1~Lms=1 s the Taylor polynomial of

mk.,*l

F. Then, using the above theorem P is the best local approzimation of F from II™1— 1 on the

origin with respect to || - ||%.

From now on, we will study the problem (1.2). The following example shows that the best multi-

point local approximation of a function may not exist.

Example 4.5. Let x1 =0, 20 =1, v = (2,1). We consider the problem (1.2) approaching a function
f with respect to the seminorms in L' defined in (2.1). The function f is defined as f(x) = 0, for
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x<1/2, and f(x) =1, forx > 1/2. Let N =1 be a not balanced integer, i.e., we must approximate f
from constant polynomials. It is easy to see that the best approximation p. = a satisfies that 0 < a < 1.

For each € > 0, we have to minimize

2

2
Tite™ dz T da 1+3 dz
S w@eaf= [LaSe [ Ca-aT=n

: _E
i=1 2 2

for all 0 < a < 1. Then, we obtain that all the polynomials p. = a, with 0 < a < 1, are the best

approzimations of the function f for each € > 0. Thus there is no best multipoint local approximation
of f.
Now, we state some definitions and preliminary results to solve problem (1.2). The following

proposition extends [15, Proposition 3.6].

k
Proposition 4.6. Let M = (my,....,my) and N = > m;. The function Lf € tM=1 if and only if
i=1
there exists a polynomial h € 7™~ such that ||L(f) — L(R)||} = O(¢¥0™), as ¢ — 0. Moreover, if
there exists h, it is unique and it is called the Hermite interpolation polynomial since it interpolates

the data f(j)(xi) for0<j<m;—1,1<i<k.
Proof. If P € TI™1—1+»ms—1 there exists a unique polynomial h € 7¥~! which interpolates h®(z;) =
p2(0), 0 <o <m; — 1,1 <i <k, where P = (py,...,px). Then, the function I : T~ b-me=1

aN=1, with I(P) = h, is an isomorphism. Furthermore,
[P = L(h)[|¢ = O(e0™0).

In fact, we know that (P — L(h))* (z) = (pi(e"x) — h(zy + €Mx),...,pr(e"*x) — h(z), + V1)),
x € [=1,1]. Using the usual Taylor polynomial of h on the origin, for each index i, we obtain

m;—1 mi—1 o
pi(e%’x) = HZO Plia(‘(l))e“/ila\woz — ‘;Oh‘éaﬁl)e%mxa _ h(xl Jreyiw) _ O(e'yimi). Then, |pi(67ix) B
o= o=

h(z; + €ix)] = O(e¥io™io), 1 < i < k. Therefore, ||P — L(h)||* < MeYio™io

[1]|c as we required.

Now, if h € 70V ~1 satisfies that ||L(f) — L(h)||} = O(¢”i0o™), using triangular inequality, we obtain
[|L(f)—P||? = O(¥0™i0), where P € It~ L-mr=1 guch that I(P) = h, i.e., L(f) € t™~1. If the last
condition holds, using triangular inequality, we obtain ||L(f) — L(h)||¥ = O(eYio™i0) for h = I(P). O

The following result shows the existence and characterization of the best multipoint local approx-
imation of f from 7V ~1. It extends the work in [15, page 204] about the problem (1.2) with respect

to the seminorms in LP defined in (2.1) when 73 = ... = ;. We denote by m.(f) the set of best

N-1

approximation p. of f from 7w on xy, ..., with respect the net ||.||*.

k
Theorem 4.7. If M = (my,...,my) is a balanced k—tuple, N = > m; and Lf € tM~1 there exists a

i=1
polynomial h € ™ ~1 such that

sup ||pe — hl[pee((=1,17) — 0, as e — 0.
pseme(f)
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Proof. From Proposition 4.6, there exists a polynomial h € 7V 1 with the condition ||L(f)— L(h)||} =
O(ei0™i0 ). Using triangular inequality and the definition of best approximation, we obtain ||L(p.) —

L(R)||2 = O(e¥o™i0). Since L(h — p) € IIy "', from Proposition 3.6, we obtain that

€

C(N, k)

€XYi

0%(h = pe) ()| <

[|L(pe) — L(W)||E, for0<a<N-1,1<i<k.

In particular, this occurs in 0 < o < m; — 1. Using €¥™i~! < ¢ and the definition of balanced
k—tuple, we obtain that |0(h — p.)(z;)| = o(1), as € — 0, for 0 < o < m; — 1, 1 < i < k. Therefore,

1h = pel] := max = max |0%(h —pe)(wi)| = o(1),

as € — 0. Now, from the equivalence of norms, since the constants used are independent from the

selected net {p.}, we obtain the required result. O

Remark 4.8. In particular, under the hypothesis of Theorem 4.7, there exists the best multipoint local

approzimation of f from w¥ 71

. It is the polynomial h € 7N~ which interpolates the data f(x;),
0<a<m;—1,1<i<k. Moreover, the convergence is uniform on [—1,1], and independent from

the selection of p. € me(f).

Example 4.9. Let us consider x1 = 0, xo = 1, v = (2,1), the balanced 2-tuple M = (1,1) and the
balanced integer N = 2. The function f is defined as f(z) = 0, for x < 1/2, and f(z) = %, for
x>1/2. Then Lf(z) = (f(0+z), f(1+x)) = (3,3), forx € (—3,%). It is easy to see that Lf € tM~!
with Taylor polynomial T = (T, Ts) = (0, %) From the proof of Proposition 4.6 and Theorem 4.7, the
polynomial h € w* and h(x1) = T1(0) and h(x2) = T»(0). Thus, h(z) = 3z and pc — h, as € — 0, i.

e., h is the best multipoint local approzimation of f from w' with respect the seminorms ||.||*.
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