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Abstract

In this paper, we give a strong uniqueness characterization theorem for the Chebyshev center of a set of
infinitely many functions relative to a finite-dimensional linear space on a compact Hausdorff space. Addi-
tionally, we derive an alternation theorem for Chebyshev centers relative to a weak Chebyshev space on any
compact set of the real line. Furthermore, we show an intrinsic characterization of those linear spaces where
an alternation theorem holds.
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1. Introduction

Let U be a finite-dimensional linear space of continuous function on a compact Hausdorff space X. The
well-known Haar Unicity Theorem [10] establishes that each continuous function f on X has a unique element
in U that is a best Chebyshev approximation to f from U if and only if U is spanned by a Haar system. For
such linear spaces, the Chebyshev Theorem (on alternation) holds [23]. Jones and Karlovitz [I3] showed that
weak Chebyshev systems of continuous functions on a compact interval [a,b] of R completely characterize
those linear spaces U for which each continuous function has at least one best Chebyshev approximation for
which the alternation theorem holds. It is natural to wonder whether such a result remains valid if we replace
[a,b] with an arbitrary compact subset of the real line. Deutsch, Niirnberger, and Singer [6] have provided
an affirmative answer to this question.

On the other hand, we have simultaneous Chebyshev approximation, which deals with the best Chebyshev

approximation to sets of functions. This subject has a long history [9] [12] 24] and can be viewed as a special
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case of vector-valued approximations [2I]. Tanimoto [27] derived a necessary and sufficient condition for a
function to be a best simultaneous Chebyshev approximation to a finite set of functions. A best simultaneous
Chebyshev approximation to a certain set A from a subset U in a normed linear space is also known as a
Chebyshev center of A relative to U, or the relative Chebyshev center of A in U. This topic was defined by
Garkavi [8] in the sixties, and lines of research regarding the existence, uniqueness, and characterization of
relative Chebyshev centers have been developed since then (see for instance [2] [5 18] 26]). Additionally, a
recent survey about relative Chebyshev centers can be found in [IJ.

The general simultaneous approximation problem can sometimes be reduced to a problem involving the
approximation of two functions. In particular, problems related to alternation in the context of simultaneous
approximation to two functions from Haar spaces and generalizations have been investigated by several au-
thors. Amir and Ziegler [3] established a Chebyshev alternation theorem for the best simultaneous Chebyshev
approximation to two functions from m-unisolvent families of continuous functions on the compact interval
[0,1]. Ferndndez and Soriano [7] gave another alternation theorem for the best simultaneous approximation
to two functions from a Haar space of continuous function on a compact interval [a, b], in the particular case
when the approximation criteria is given by a monotone norm with the commutative property. Later, Tani-
moto [28] showed an alternation theorem and a strong uniqueness result for the best simultaneous Chebyshev
approximation to a set of infinitely many functions from a Haar space on a compact interval of R.

The study of strong uniqueness for the relative Chebyshev center in a subset has also been under research
for a long time. Prus and Smarzewski [22] proved that in a uniformly convex space with a modulus of
convexity of power type ¢ > 2, the relative Chebyshev center of a bounded set in a closed convex set is
strongly unique of order ¢. Furthermore, by using the one-sided Gateaux derivative of the deviation of a
point to a set in a locally convex space, Laurent and Pai [I5] gave a strong uniqueness characterization
theorem for the relative center of a bounded set in a linear space involving a seminorm. In a similar context,
results on the relative center in generalized set-suns were given by Luo, Li, and He [I7]. Further, Li [16]
showed that the relative Chebyshev center of a bounded set in an so called RS-set in a real Banach space
is strongly unique. Moreover, in case where the set of relative centers is not a singleton, Pai and Indira
[19] showed an intrinsic characterization of the finite-dimensional linear space, called a property (Li). This
characterization yields Hausdorff strong uniqueness of relative Chebyshev centers.

The main goal of our paper is to give a strong uniqueness characterization theorem for the Chebyshev
center of a set of infinitely many functions relative to a finite-dimensional linear space on a compact Hausdorff
space. Moreover, we derive an alternation theorem for Chebyshev centers relative to a weak Chebyshev space
on compact sets on R. This paper extends previous pieces of work in two directions. First, we extend best

Chebyshev approximation results to the more general setting of relative Chebyshev center. Secondly, known



results of weak Chebyshev systems on compact intervals are extended to any compact set of the real line.

It is well known that the Haar systems (or Chebyshev systems) play an important role in many parts of
analysis, as well as in probability and statistics. However, the weak Chebyshev systems are weaker forms of
Haar systems, capable of encompassing splines. Since classes of spline functions possess many nice structural
properties as well as excellent approximation powers, a myriad of applications in the numerical solution of a
variety of problems in applied mathematics may be found.

The remainder of this paper is organized as follows. Notations, definitions, and essential results needed
are given in Section 2, followed by Section 3 which presents some results about weak Chebyshev systems. In
Section 4, we show characterization, uniqueness, and sign changes of Chebyshev centers of a set of infinitely
many functions. An alternation theorem from a finite-dimensional linear space spanned by a weak Chebyshev
system is studied in Section 5. Additionally, we derive an intrinsic characterization of those linear spaces

where an alternation theorem holds.

2. Preliminaries

Throughout, the symbol X will designate any compact set of a Hausdorff space such that they contain
at least n + 1 distinct points, where n is a given natural integer. Further, X* will stand for the convex hull
of X.

We denote by C(X) the space of continuous real-valued functions on X and we will use || - || x to denote
the uniform norm on C(X).

If Y C X and U is any n-dimensional linear space of C(X), we will write dim(U) for the dimension of U
and designate by Uy := {u,, : u € U}, where u, denotes the restriction of u to Y.

When the Hausdorff space is R, we will write M instead of X, and use U = U. In this case, M* is a

compact interval of R.

Definition 2.1. Let A be a set of uniformly bounded functions in C(X) and let U be an n-dimensional linear

space of C(X). We say that an element u* in U is a relative Chebyshev center (r.c.c.) of A in U on X if
sup || f —u*||x < sup ||f —ullx, forall uweU. (2.1)
fea fea
By Zx u(A), we denote the set of all u* € U fulfilling . The number
A) := inf —
rxu(A):= inf sup If —ullx

is called the relative Chebyshev radius of A in U. In particular, if A = {f1, f2}, then we say that u* in U is
ar.cc tofi and fa in U on X (or a best simultaneous Chebyshev approzimation to fi and fo from U on

X ) and write Zx u(f1, f2) and rx u(f1, f2) instead of Zx u(A) and rx u(A), respectively.



It is well known that for fi, fo € C(X), Zx,u(f1, f2) is a non-empty set [9, Lemma 2.2], although it is not

necessarily unitary. Note that

1
§||f1 — faollx < uileltfjmax{”fl —ullx, [|fo —ullx} =rx,u(fi, f2). (2.2)

In particular, if f = f1 = f2, then Zx u(f) := Zx u(f1, f2) is the set of best Chebyshev approximations to
f from U on X.
Let A be a set of uniformly bounded functions in C(X) and set

fo(z):= inf f(z) and fi(z):=sup f(z), zeX. (2.3)
feA fea

It is clear that f_ and f; are not necessarily continuous. For example if A = {f,,} where f,(x) =1—2z" on

[0,1], then fi(x) =sgn(l — z).

Definition 2.2. Let A be a set of uniformly bounded functions in C(X). The set A is said to be complete if
f- €C(X) and fy € C(X). Moreover, if for each v € X, there exist g,h € A such that f_(x) = g(x) and
f+(z) = h(zx), we say that the set A is totally complete.

We observe that if A is a finite set, it is clearly complete.

An immediate consequence of [28, Lemma 1] is the following characterization theorem.

Theorem 2.3. Let A be a complete set of uniformly bounded functions in C(X) and let U C C(X) be an
n-dimensional linear space. Then u* € Zx u(A) if and only if u* € Zx u(f-, f+). Further,

rx,u(Q) = sup If—u*llx = max{]|f- —u"|x,[[f+ —u[x} (2.4)
From (2.2) and (2.4) it follows that
1
§||f— — f+lx <rxu(A).

On the other hand, it is well known that the number ig(fx) sup || f — ul/x is called the Chebyshev radius of
ue fea

A. When % € C(X), it is easy to see that the Chebyshev radius of A coincide with || f- — f||x.
We also have the following characterization result for relative Chebyshev centers that is proved by Tani-

moto in [28, Theorem 2].

Theorem 2.4. Let A be a totally complete set of uniformly bounded functions in C(X) and let U C C(X)

be an n-dimensional linear space. Assume u* € U. The following statements are equivalent:

(CL) u* € ZX7U(A),



(b) there exist A\1,..., s > 0, s distinct elements z1,z2,...,25 in X, and s functions hy,..., hs € A, with
1<s<n+1, such that

(b1) |hi(zi) —u*(z)] =rxu(A), 1 <i<s,

(b2) ; Ni(ha(zs) — w(22))u(zi) = 0 for allu € U.

Let {g1,...,9¢} be a set of continuous functions defined on X, and let 21, 22, ..., z¢ be distinct points in
. . ¢
X. We denote the Gramian of the Gram matrix (g;(2;)); ;_; by
9g1,---,90-1,9¢ Y/
1% := det ((gj(zi))i’j:J .
21y R0—15 210

Definition 2.5. A set {u1,...,u,} of functions in C(X) is called an Haar system (H-system) on X if

ULy ooy Up—1,Un . L .
\% #£0, for every choice of n distinct elements z1, ..., 2z, in X.
Rly+-+y”n—1,%n

An n-dimensional linear space U of C(X) is called an Haar space (H-space) on X if there exists a basis

{u1,...,un} for U such that it is an H-system on X.

An H-space on M* is generally called a Chebyshev space (T-space). For an n-dimensional linear space U
of C(M™), it is well known that U is a T-space on M* if and only if there exists a basis {uy,...,u,} for U
such that

Ulyer oy Unp—1,Unp .
\% >0, forallz; <z <...<z,in M*. (2.5)

Zly---3”n—15°n
When we have a Haar space, the characterization result Theorem can be further strengthened. Pre-

cisely, Tanimoto [28, Theorem 3] proved the following alternation theorem for the relative Chebyshev center.

Theorem 2.6. Let A be a totally complete set of uniformly bounded functions in C(M*) and let U C C(M*)

be an n-dimensional H-space on M*. Assume u* € U. Then the following statements are equivalent:

(a) v* € Zy» y(A),

(b) there exist n+ 1 elements z1 < 2o < ... < zpy1 in M*, and n+ 1 functions hy, ..., hnt1 € A such that
(b1) |hi(zi) —u*(z)| =rm-u(A), 1 <i<n+1,
(02) hiv1(2i1) = u*(zi01) = (=1)"(hi(zi) —u*(2)), 1 < i <.

Definition 2.7. An n-dimensional H-space U of C(M) is called a strong Haar space (SH-space) on M if
there exists a basis {u1,...,un} for U such that holds on M. Such a basis is said to be a SH-system
on M.



We observe that if {us,...,u,} is a basis for an n-dimensional linear space of C(M) satisfying (2.5 on
M, then clearly {uj,...,u,} is a Haar system on M. However, in contrast to the case when X = M*, not

every Haar system on M satisfies (2.5) on M.

Example 2.8. Let uj(z) = sin(z) and us(x) = —cos(x). It is easy to verify that {uy,us} is an H-system on
M = [g, %’T] U [37”, %], but it is not a SH-system on M.

For a vector of real numbers w = (wy,...,w,), let S~ (w) be the number of sign changes in the sequence
w1, ...,wy, where zeros are ignored. Note that S™(w) = 0 when r = 1.

Let f € C(M). We recall that

Sy (f) = Sl;p{S_((f(zl), o f(20) iz < ... < zpin M}

counts the number of strong sign changes of f on M [25] Definition 2.11]. Of course, if f is either non-negative

or non-positive on M, then we set S;,(f) = 0.

Definition 2.9. [25, Definition 2.35] A set {u,...,u,} of linearly independent functions in C(M) is called
a weak Chebyshev system (WT-system) on M if

Uy .oy Un—1,Un .
1% >0, forallzy <zo<...<zpinM.
Rly-+-5”n—1%n

An n-dimensional linear space U of C(M) is called a weak Chebyshev space (WT-space) on M if there exists
a basis {u1,...,u,} for U such that it is a WT-system on M.

Example 2.10. Let ui(z) =1 and uz(x) = max{0,z}. Clearly, {ui,us} is a WT-system on M = [—-2,—1]U
[1,2], but it is not an H-system on M.

Example 2.11. Let ui(x) = sin(x) and uz(z) = —cos(x). It is easy to verify that {uy,us} is a WT-system
on [0, 7], but it is not a WT-system on [0, 27].

Good references for a description and more examples of all these systems are [T}, 25].

The following two theorems provide characterizations of WT-systems and WT-spaces.

Theorem 2.12. [25, Theorem 2.39] Let {uy,...,u,} be a set of linearly independent functions in C(M) and

U =span{uy,...,un}. If {us,...,u,} is @ WT-system on M, then
Syw) <n—1, forall weU)\{0}. (2.6)

Conversely, if @) holds, then either {u1, ..., Un—1,un}, or {u1,... ,upn—1,—un} is @ WT-system on M.



Below, we present a result by Deutsch, Niirnberger, and Singer that completely characterizes those finite-

dimensional linear spaces on a compact set of R for which an alternation theorem holds.

Theorem 2.13. [0, Theorem 4.1] Let U C C(M) be an n-dimensional linear space. A necessary and sufficient
conditions that U is an n-dimensional WT-space on M is that for each f € C(M) there exist at least one

u* € Zyu(f), o € {—1,1}, and n+ 1 elements z1 < z9 < ... < Zpt1 in M such that
f(z) —u*(z) = o(=1)" "y p(f), 1<i<n+1.

The theorem that follows is a ’smoothing’ procedure proved in [20, Proposition 6, p.199] for functions

defined on any compact interval of the real line.

Theorem 2.14. [20, Proposition 6, p.199] Let {uy,...,un} C C(M*) be a WT-system on M*. Then, for
every € > 0, there exists a T-system {uS,...,us} on M* such that each u§ uniformly converges as € — 0 to

u; on M*, 1 <35 <n.

3. Extension of weak Chebyshev systems

It is well known that if V' C C(M*) is an ¢-dimensional WT-space, then U = Vj; C C(M) is an n-
dimensional WT-space where n < ¢ (see for instance [25, Theorem 2.40]). Now suppose that U C C(M) is
an n-dimensional WT-space on M. We wonder if we could find an n-dimensional WT-space V on M* such
that U = V). The next part will show that this question has an affirmative answer. Lastly, we will prove a
’smoothing’ procedure.

We begin by giving the following notations and an auxiliary lemma.

If M C M*, then M*\ M is a non-empty open set on M*. So, there exists a countable collection
{(a;,b;) : i € L}, L C N, of pairwise disjoint open intervals of R such that

M\ M = | J(ai, by).
ieL
Definition 3.1. Under the assumptions above, for g € C(M), we will use Th(g) to denote the continuous

extension of g to M™* given by

Ty = O soredt
W(x—ai)—i—g(ai) if x € (a;,b;), i€ L.

We will use Typ(g) = g provided that M = M*.

Lemma 3.2. The operator Ths : C(M) — C(M™*) is a linear map such that |Tar(g)|lar = |lgllar and
S (T (9)) = Sy (g) for all g € C(M).



Proof. Clearly, Tps is a linear map. Let ¢ € C(M). If x € (a;b;), @ € L, then |Ti(g)(z)| <
max{|g(a:)], |9(bs)[} < llgllar since ai,b; € M. Therefore, ||Tar(g)llar- = llglar-
On the other hand, as

{S7((g(z1)y---,9(20))) 21 < ... < 2z in M}
={ST((Trm(g)(21),---, Tar(9)(2¢))) : 21 < ... < zg in M}

C {S_((TM(Q)(ZI), cee 7TM(g)(Zg))) < ...<zin M*},

it follows that Sy,(g) < Sy (Ta(g)). Assume £ = S;,(g) < Sy« (Ta(g)). Hence, there exist 21 < ... < zpyo
in M* such that

ST((Tar(9)(z1)s -+ Tar(9)(ze41), Tha (9) (2042))) = £+ 1, (3.1)

that is, Tar(9)(z:)Tar(9)(zi41) < 0,1 <i <L+ 1. If 21 < ... < zp42 in M, then

S7((9(=1), .-, 9(2e41), 9(2ze12))) = £+ 1, (3.2)
which is a contradiction. So, there is 1 < k < £ + 2 that verifies z; ¢ M. Set
mp=min{k:1<k<l+2,2, ¢ M}

and let ¢ € L be such that z,,, € (a;,b;).

Suppose that m; = £ 4+ 2. We observe that zp11 < a; since zpy1 € M. As Ta(g)(2m,) # 0, then either
g(a;) # g(b;), or g(a;) = g(b;) # 0. So, we can find z € {a;,b;} \ {ze41} satistying Tas(g)(2zm,)g(z) > 0 and
21 < ...< zpp1 < zin M. In fact, we consider three cases. In the first case, we assume Ty (g)(2m, )g(a;) > 0.
As Tar(9) (Zmy ) 9(ze41) = Tar(9)(zmy ) Tar(9) (ze41) < 0, we have zp41 < a4, and take z = a;. In the second
case, we suppose that Ths(g)(zm,)g(a;) < 0. Since Th(g)(a;) = g(a;), Tar(g) is a linear function on the
interval [a;,b;] and zp,, € (a;,0;), we get Tar(g)(2m,)g(b;) > 0. Thus, we put z = b;. In the third case,
g(a;) = 0, and therefore, g(b;) # 0. Consequently, Thr(g)(2m,)g(b;) > 0 and we consider z = b;. It follows
that sgn(Tar(9)(zes1))sgn(Tasr(g)(2)) < 0, and hence

S7((g(z1), -+, 9(2041),9(2))) = ST (T (9)(21), -+, T (9) (2e41), Taa (9)(2))) = £+ 1,

which is impossible.

Now assume mj < £+ 2. Then either z,,, 11 < b; Or Zpy,,+1 > b;. We consider each case separately.

Case (I): zm,+1 < bi. Since T (9)(2my )T (9) (2my+1) < 0, then g(a;) # g(bi), sgn(Tar(9)(zm,)) = sgn(g(a:)),
and sgn(Tas(9)(zm,+1)) = sgn(g(b;)). Therefore, zp,,—1 < a; < zm, if m1 > 1, and 2y, 11 < b; < 2z, 42 if
m1 + 1 <+ 2. Now, we replace z,,, with a; and z,,, +1 with b;.

Case (II): zy,+1 > b;. Proceeding as before, we can take z € {a;, b;} \{zm,+1} such that T (g)(2m, )g(z) > 0.



We replace z,, with z.
In either case, we have a new set of points z; < ... < zg19 in M* for which m; < min{k : 1 <k </l+2 2, ¢
M} and (3.1) holds. Repeating the steps above, we can find 21 < ... < zgq2 in M that satisfies (3.2)), which

is another contradiction. This completes the proof. O

Theorem 3.3. Let {uy,...,u,} be a set of linearly independent functions in C(M). Then, {u1,...,un} is a
WT-system on M if and only if {Thr(u1),...,Tar(un)} is a WT-system on M*.

Proof. Assume that {uq,...,u,} is a WT-system on M. If M = M*, it is obvious. Now assume M C M*.

Since {uy,...,u,} is a set of linearly independent functions, we have

ULy w U1, U
1721 I #0, forsomey; <y <...<yp,in M. (3:3)

Yis---sYn—1,Yn

Therefore,

Tar(ut)y oo T (un—1), Thr (tn
\%4 ()  (ten-1), Tivg () #0, forsomey; <yo <...<y,in M~

Ytis-- 3 Yn—1,Yn

and so {Ta(u1),...,Tar(uy)} is a set of linearly independent functions. According to Lemma and
Theorem [2.12] we have

S chTM(uj) =Sy | Tu chuj =Sy chuj <n-—1,
j=1 j=1 j=1

for any real ¢y, ..., ¢, not all 0. From Theorem it may be concluded that either {Ths(u1),...,Tar(un)},

or {Th(uy),...,—Ta(un)} is @ WT-system on M*. Suppose that {Tas(u1),..., —Tar(uy)} is a WT-system
on M* and let 21 < z9 < ... < z, in M. Since {uy,...,u,} is a WT-system on M, we obtain
0<V Tr(ur)y oo Tar(tpn—1), —Thr(un) _v ULy e vy Up_1, —Up
Zl?"‘?’zln*lﬂzn 217"‘727747172“
. v ULy« ooy Un—1,Un <0.
Zly+ -5 ”n—1y%n
. ) ULy ooy Up—1,Un
As 21 < z9 < ... < zp in M are arbitrary, we deduce that V' =0forallz1 <z <...< 2z,
Z1y+++y”n—1,%n

in M, which is contrary to (3.3]).
Conversely, we suppose that {Tas(u1), ..., Ta(uy)} is a WT-system on M*. Tt follows easily that {uy,...,u,}
is a WT-system on M. This completes the proof. O



The example below shows that Theorem [3.3] does not remain valid for H-systems in general.

Example 3.4. Let M = [a,b] U [c,d] be such that b < ¢, and we consider that ui(x) = 1, ug(x) = z, and
usz(x) = x2. It is well known that {u1,us,us} is an H-system on M. On the other hand, since (bcuy —
(b + cug + ugz)(b) = (beur — (b + c)uz + uz)(c) = 0, we have Tpr(bcuy — (b + c)uz + uz) = 0 on [b,(]
by Definition [3.1 Thus, Lemma becomes bcTar(u1) — (b + ¢)Tar(u2) + Thr(ug) = 0 on [b,c], and so

{Thr(ur), Tar(uz), Tar(us)} is not a T-system on M* = [a,d].

The theorem that follows shows that Theorem [2.14]is also valid for functions defined on any compact set

of the real line.

Theorem 3.5. Let {uy,...,un} C C(M) be a WT-system on M. Then, for every ¢ > 0, there ezists a

SH-system {ug,...,u,} on M such that each u§ uniformly converges as € — 0 to u; on M, 1 <j <n.

Proof. If M = M*, the result is obvious by Theorem Now assume M C M*. Theorem implies that

{Tr(u1),. .., Ta(uy)} is a WT-system on M*. According to Theorem we have that for every € > 0,

there exists a T-system {v{,..., v} on M* such that each v§ converges uniformly as € — 0 to T (u;) on

M, 1 <j <n. Wewrite u; =v; € C(M), and therefore u§ converges uniformly as € — 0 to u; on M,
—M

1 < j < n. Finally, as {uf,...,u$} is a SH-system on M, the proof is complete. O

4. Characterization and uniqueness of r.c.c. in finite-dimensional linear spaces

In this section, we provide some results concerning the characterization and uniqueness of r.c.c. in a
finite-dimensional linear space.
Some ways of turning the simultaneous Chebyshev approximation problem into an approximation involv-

ing a single function can be found in [, p.51]. The result below shows another different way.

Lemma 4.1. Let fi, fo € C(X) and let U be an n-dimensional linear space of C(X). Let Y be the compact
set [0,1] x X in the product of topological spaces, and let F :' Y — R be the continuous function given by
F(t,z) = tfi(z) + (1 —¢) f2(x). For u € U, we consider L, : Y — R defined by L,(t,z) = u(z) and let
V ={L, : u € U} be the n-dimensional linear space of C(Y). Then u* € Zx u(f1, f2) if and only if Ly~ is
a best Chebyshev approzimation to F from V on Y. Further,

rxu(fi, fo) = mf |F = Lally, uwel. (41)
Proof. A straightforward computation shows that
max{|[f1 —ullx, lfo —ullx} = [F = Lully, uweU. (4.2)

Hence, the lemma immediately follows. O
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For a set {ui,...,uy} of linearly independent functions in C(X) and n distinct elements y1,...,y, in X,

for the sake of simplicity, we write

Uty e, Un—1,U
D(yl,...,yn) Z:V 1 n—1, Un
Yt -3 Yn—1,Yn

Lemma 4.2. Under the hypothesis of Lemma and s distinct elements (t1,z1), (t2,22),..., (ts,2s) in Y

Tu € U}. We consider the following

with 1< m < 5 < 20, let Vi ooy = {Luy,

statements:
(a) dAM(Vi, z0),(te,20)}) = M,
(b) dim(Ug,  ..3) =m,

(c) there exist a basis {u1,...,un} of U and a set {z;,,..., 2, } of distinct elements of {z1,...,zs} such that

D(ziy, ..., 2,) > 0.
Then, (a) and (b) are equivalent. Moreover, if m = n, then (b) = (c).

Proof. (a) <= (b) Set P = {(t1,21),...,(ts,25)} and Q = {21, ..., 25}. Note that dim(Vp) = m if and only

if there exists {uy,...,un,} C U such that {ip’ ce Lu'mp} is a basis of Vp. This condition is equivalent
to the matrix
ui(z1) u2(z1) - um(21)
ui(z2) u2(z2) - um(22)
A, =
ui(zs) u2(zs) -0 um(zs)
having a full column rank equal to m, or equivalent to {ﬂ@v . ’MQ} which is a basis of Ug, that is,

dim(Ug) = m.
(b) = (c¢) Finally, we suppose that m = n. Then, dim(Ug) = n is equivalent to the matrix A,, having a
column rank equal to n, that is, A,, has a row rank equal to n, This condition is equivalent to the existence

of ziy,...,z;, such that vectors v, = (u1(z;.),u2(2i, ), .-, un(2,)), 1 <r < n, are linearly independent, or

equivalent to D(z;,,...,2;, ) # 0. This implies that {u1,...,u,} is a basis of U and z;,, ..., 2, are distinct
elements. Finally, if D(z;,,...,%,) < 0, then we can take the basis {u1,...,—u,} of U and the proof is

complete. 0

Let (E,|| - ||) be a normed space and S C E. Assume that for a given f € E, there exists a best

approximation s* to f from S on E, that is, || f — s*|| < ||f — s|| for all s € S. We recall that s* is strongly
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unique if there exists v > 0 depending on f such that
If = sl +ls" = sl <[If —sll, forall ses.

This leads to the following generalization of the above concept of strong uniqueness (see for instance [16]

p.43]).

Definition 4.3. Let A be a set of uniformly bounded functions in C(X) and let U C C(X) be an n-dimensional

linear space. We say that u*™ € Zx wy(a) is strongly unique if there exists v > 0 depending on A such that
sup || f —u"|lx +7llu" —ullx <sup|[f —ullx, foral wel.
fea fea

Remark 4.4. The following equality has been proved in [{, p.130] for real-valued function defined on an

interval. However, it is clear that it is also valid for functions defined on any compact set.

s

e

sup | — ullx \
fea X

provided that f_, f1 € C(X). On the other hand, since

[ () + fola) @) = @)
’2+‘“@>+‘2+

— max{|f_ () — u(@)], | f () —u(@)]}, v€X, ueU,

we deduce that

u‘+‘f——f+

S| = max{lf- — ullx 1 — ullx}, weU.

-+ /s
2

,
Below, we show that Theorem can be further refined. Further, this theorem extends [I4, Theorem

2.4] for relative Chebyshev center problems.

Theorem 4.5. Let A be a complete set of uniformly bounded functions in C(X) and let U C C(X) be an

n-dimensional linear space. Assume that uw* € U. The following statements are equivalent:
(a) u* € Zx u(A) is strongly unique,

(b) there exist \1,...,As > 0, s distinct elements z1,2a,...,25 in X, and s functions hq,...,hs € {f_, f+},
with n + 1 < s < 2n, such that

(b1) |hi(zi) —u*(z)] = rxu(A), 1 <i<s,
(b2) ; Ni(hi(z:) — u*(z))u(z:) = 0 for all u € U,

(bg) dim(U{zl,...,zs}) =n.

12



Proof. If rx u(A) = 0, the equivalence is obvious since f_ = fy = u* by Theorem Now we assume that
rx,u(A) > 0. According to Remark and (4.2), we have that

sup [|f —ullx = [|[F = Lully, wel,
fea

where F(t,x) =tf_(z)+(1—t) fy(x). We can deduce that uv* € Zx y(A) is strongly unique if and only if L,
is the strongly unique best Chebyshev approximation to F' from V on Y, or equivalently, by [14) Theorem
2.4], that there exist u1,...,ue > 0, £ distinct elements (¢1,21), ..., (te, 2z¢) iIn Y, with n+ 1 < £ < 2n, such
that
(i) |F(tiy2i) — Ly (i, 2:)| = inIfj |F' = Ly|ly, 1 <i<¥,
ue
¢
(1) > pi(F(ti, 2i) = Lus (tis 2i)) Lu(ti, z:) = 0 for all u € U,
i=1
(111) dim(v{(tl,21),~~7(tz,ze)}) =n.
Note that n = dim(V, 2,),....t0,2)3) = dim(Uy,, . .,3) by Lemma and Ly (t;,2;) = u(z), u € U,
1 < < ¢. Further, from (2.4]) and (4.1]), we have that

rxu(B) =rxu(f-, fv) = f |F = La]ly. (4.3)
(a) => (b) Let 1 <4 < . Since 0 < ¢; < 1, from (i) and ([£.3), we deduce that
rxu(B) = [ti(f-(2:) —u™(2:)) + (1 = ) (f4-(z1) — u™(2:))]
<l f-(z0) —u(z)| + (1= )| f4-(21) — u™ (1)) (4.4)
Stllf- —wllx + A =) lfs —u'llx <rxu(f-, f+) = rxu(d).
Then, #;]f—(2i) — u™(z:)] = Gl f- = w*lx, (1= t)[f4(z:) —w(z0)] = (L= ta) [ f+ — w*[|x and
(1 —t:)(f+(z) — " (2:))(f-(21) — () 2 0. (4.5)

If t; = 0, then F'(¢;,2;) = fi(z;). On the other hand, F(t;,2;) = f_(2;) provided ¢; = 1. Now, suppose t; ¢
{0,1}. We conclude from (4.4) that || f- —u*||x = || f+ —u"||x, hence that | f_(z;) —u"(2z;)| = | f4(z:) —u*(2:)],
and finally that f_(z;) = f+(z;) = F(t;, z;) by (4.5). Next, we deduce that

(1) hi(z) —u*(zi)| = rx,u(A), 1 <i <Y,

Mr\

(2) wi(hi(z) — u*(z))u(z;) = 0 for all uw € U,

1

(3) dim(Ug, . .y) =n,

-
Il
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By Lemma there exist a basis {u1,...,u,} of U and a set Q = {z;,,...,2;,} of distinct elements of
{#z1,..., 20} such that D(z;,,...,2;,) > 0.
We claim that

the cardinal of {z1,..., 2} \ @Q is at least one. (4.6)

Indeed, on the contrary, we suppose that {z1,...,2:} \ Q = 0. For 1 <r < n we write
I, ={zk:1<k<land z, =2,} and [, = Z k-
zr €l
It is easy to verify that 8. > 0,1 <7 <n, and {I, : 1 <r < n} is a collection of pairwise disjoint sets such
n

that |J I. = {z1,...,2¢}. Hence, (2) shows that
1

r=

> Belhin(zi,) —u* (zi,)uy(2;,) =0, 1<j<n.
r=1

Since D(ziy,...,2i,) > 0, it follows that h; (z;.) — u*(z;,.) = 0, 1 < r < n. Therefore, from (1) we have
rx u(A) =0, which a contradiction.

It only remains to prove that
¢ can be chosen so that z1,..., 2, are distinct elements and n + 1 < /. (4.7)

Let s € N be the cardinal of {z1,...,2/}. From (4.6)), we deduce that n+1 < s </¢. Let P ={z;,,...,2.} C

{#1,...,2¢} such that P has s distinct elements. By the same argument above, for 1 < k < s we write

In={z:z€{z1,...,2¢} and zy = 2;, } and Ak=Zut>O.

2zt €l

Therefore, according to (2), we obtain
Z Me(hiy, (z3,) — u® (23, ))u(z;,,) =0, forall uweU.
k=1

So, we can see that there exist Ai,...,As > 0, s distinct elements z1,z2s,...,2s in X, and s functions
hi,.... hs € {f—, f+}, with n + 1 < s < 2n, such that (bl) and (b2) hold.

(b) = (a) Let t; = 1 if h; = f_, otherwise t; = 0. Hence, F(t;,2;) = h;, 1 < i < s. Therefore, from
(b1)-(b2), it follows that (i) and (ii) hold, and so the proof of (a) is complete. O

Remark 4.6. By definition of an n-dimensional H-space U on X, we always have dim(Uy,, . . .3y) =n

for every choice of n + 1 distinct points z1,..., 241 0 X.

When we have an H-space, the characterization Theorem [4.5] can be further strengthened. Additionally,

we derive a property of r.c.c. in terms of sign changes. We recall that this result does not differ much from
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Theorem [2.6] However, it is proved for functions defined on any compact set without the assumption of A

to be totally complete.

Theorem 4.7. Let A be a complete set of uniformly bounded functions in C(X) and let U C C(X) be an
n-dimensional H-space spanned by an H-system {ui,...,un} on X. Assume that u* € U. The following

statements are equivalent:
(a) u* € ZX7U(A),

(b) there exist o € {—1,1}, n + 1 distinct elements z1,z2,...,2n+1 0 X, and n + 1 functions hq,...,

hn+1 € {f=, f+} such that

; D ey Zi—13 %041y 5 ’m .
hi(z) — u*(z) = o(—1)""1"isgn (Z1,e s i 2y Zni1) rxu(Ad), 1<i<n+1. (4.8)
D(z1,.--,2n) ’

Proof. If rx u(A) = 0, the equivalence is obvious since f_ = f; = u*. Now, we assume rx y(A) > 0.
Following the same argument as Theorem [£.5| with [I4, Theorem 2.3] instead of [14, Theorem 2.4], we deduce
that u* € Zx u(A) if and only if there exist A1,...,As > 0, s distinct elements z1,22,...,2, in X, and s

functions hy,...,hs € {f—, f+}, with 1 < s <mn+ 1, such that

(i) |hi(zi) —u*(z)] =rxu(A), 1 <i < s,

-

(ii) Ai(hi(z) —u*(z))u(z) = 0 for all w € U.

=1

We claim that s =n + 1.
In fact, on the contrary, we assume s < n. Since {uq,...,u,} is an H-system on X, there exists u € U such

that u(z;) = hi(z;) — u*(2;), 1 <1 < s. Hence, (ii) leads to
0= Ni(hi(zi) —u*(z))* = rx.u(A2)* Y N,
i=1 j

which is a contradiction.

Note that D(z1,...,2,) # 0 and the condition (ii) is equivalent to

= Ai(hi(zi) —u” (=)
=1 —Ant1(Png1(Zn41) — w* (2n41

(a) = (b) From (4.9) and by using Cramer’s Rule, it follows that

)\Z(hl('zz)*uﬁ‘(zz)) — D(Zl,...,Zi_l,Zn_;’_l,Zl'_;'_l,...,Zn)
_)\n+1(hn+1(2n+1) - U*(zn+1)) D(Zl, sy zn) (4 10)
D(Zh sy Ri—1y Ritly ey Zn+1)

= (- D(z1,...,2n) ’
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1 <4 < n. Since (i) holds, by taking modulus to both sides of (4.10]) we get

Ai :Sgn <D(Zl,---72’z’—172’z’+1,~--,Zn+1) D(Zh--~7Zi—172i+13-~-azn+1)
)

A1 D(z1,...,2n D(z21,...,2n) ’

1 <4 < n. This proves (b) with o = sgn(h,11(2n4+1) — u*(2n+1))-
(b) = (a) Clearly, (i) is obvious. The proof is completed by showing that (ii) holds, or equivalently, that

1) holds. Let A,qy1 = 1 and \; = )D(zl"“gz;ll’_z_’:?’j“’z"“) , 1 < <n. Since \; > 0, according to (b) we

obtain
/\1(]11(21) — u*(zl)) _ D(Zl, ce 3 Zi—19Rn+41yRi41s -y Zn)
=Ant1(hns1(2n41) — w*(2n41)) D(z1,...,20) ’
. A1 (ha(z1)—u"(21)) An (hp (2n)—u” (2n)) ; i i
1 <7 < n. Hence, (_>‘n+1(1hn;1(;n,+1)—u1*(zn+1)) e —/\n+1(hn+1(zn+1)—u*(zn+1))> is the unique solution of the

system of n linear equations given by

n
Y e(z) = uj(zar), 1<j<n,
i=1
So (4.9) is true, and the proof is complete. O
Remark 4.8. It is evident that if we have M instead of X, then the distinct elements z1,...,z, in M given

in Theorem [{.7] can be chosen so that z1 < zo < ... < Zpy1.

Corollary 4.9. Let A be a complete set of uniformly bounded functions in C(X) and let U C C(X) be an

n-dimensional H-space on X spanned by an H-system {uy,...,un}. Assume that | f- — f+|x < rxu(d)
and u* € Zx y(A). Then, there exist o € {—1,1}, n+ 1 distinct elements z1, 2z2,...,2p+1 0 X, and n+ 1
functions hy, ..., hyy1 € {f-, f+} such that item (b) of Theorem[].7 is satisfied and
f7+f+ o ) _ _1\nt+1l-d D(Zl,...,Z'L‘717Zi+1,..-72n+1)
sgn (( 5 u” | (z) ) =0(-1) sgn Do, oo , (4.11)
1<i<n+1.

Proof. By Theorem there exist o € {—1,1}, n + 1 distinct elements 21, 22,...,2,41 in X, and n + 1
functions hy, ..., hny1 € {f—, f+} such that item (b) of Theorem is satisfied.
If hy = f-, by hypothesis we have 1 |f_(zi) — 1 (20) < 21f- — f+llx < rxu(A) = |f-(2:) — u*(2)], and so

sen () — ) =sen (1) o) =son (5455 ) - wte) .

where the last equality uses the fact that sgn(b) = sgn(b— a) provide |a| < |b|. Similarly, if h; = f1 we obtain

5 1f+(2i) = f=(21)] < |f+(2) — u*(2)], and hence (4.12) is also true. Therefore, (4.11)) holds by (4.12), and
(b) of Theorem {4.7 O

The following is an example where 3| f- — f1|x < rx u(A).
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Example 4.10. Let X = [i, 1} , u(x) =z, and let A be any complete set of uniformly bounded functions in
C(X) such that f_(z) =0 and fi(z) = 1. Assume that U C C(X) is the 1-dimensional linear space spanned
by {u}. It is easy to check that {u} is an H-system on X, $||f- — f+|x = 3, and rx u(A) = 3. Furthermore,
u*(z) = %x, hi=fy, ho=f_, 21 = %, and zo = 1 verify @) and with o = 1.

Corollary 4.11. Let U C C(X) be an n-dimensional H-space on X. Then, for each complete set A of
uniformly bounded functions in C(X), u* € Zx u(A) is strongly unique.

Proof. Tt follows immediately from the proof of Theorem [4.7] Remark and Theorem O
Corollary 4.12. Let U C C(X) be an n-dimensional linear space. The following statements are equivalent:

(a) U is an n-dimensional H-space on X,

(b) For each complete set A of uniformly bounded functions in C(X), there exists a unique u* € Zx uy(A).

Proof. (a) = (b) It is obvious from Corollary
(b) = (a) Follows from [14, Theorem 4.1] by taking A = {f}. O

In the specific case where U is a finite-dimensional SH-space, Theorem [£.7] can be further refined into a
final and more geometric form. Moreover, it shows that Theorem [2.0] is also valid for functions defined on

any compact set of the real line.

Theorem 4.13. Let A be a complete set of uniformly bounded functions in C(M) and let U C C(M) be an

n-dimensional SH-space on M. Assume that u* € U. The following statements are equivalent:
(CL) u* € ZM7U(A),

(b) there exist o € {—=1,1}, n+ 1 elements z1 < 2z < ... < znpy1 in M, and n+ 1 functions hy,..., hpy1 €

{f=, f+} such that
hi(z) —u*(z) = o(=1)" iy p(A), 1<i<n+1. (4.13)

Proof. Assume that U is spanned by a SH-system on M, {ui,...,un}. If rasy(A) = 0, the equivalence is
obvious. Now, we assume r7,y(A) > 0. Since U is an H-space, according to Theorem and Remark
we have u* € Zp p(f-, f+) if and only if there exist o € {—1,1}, n+1 distinct elements z; < z2 < ... < Zp41
in M, and n + 1 functions hq,...,hpt1 € {f—, f1}, such that

: D ey Zil1. % ey Zn .
hi(zi) —u*(z) = o(—1)"""'sgn (21 2oy Zitts o ) rvu(A), 1<i<n+1.
D(Zla"'uzn) 7
As z1 < 20 <...< zp < zZpy1 and {uy,...,u,} is a SH-system on M, we obtain
D(z1,...,2n) >0 and D(z1,...,2i-1,Zi41,---52n+1) >0, 1<i<n+1. (4.14)
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This completes the proof. O

Corollary 4.14. Let A be a complete set of uniformly bounded functions in C(M), and let U C C(M) be an

n-dimensional SH-space on M. Assume that 1| f- — fi|lm < ranu(A) and u* € Zyp(A). Then, there exist

o€ {-1,1}, n+ 1 elements z1 < z2 < ... < zZpy1 in M, and n+ 1 functions hy, ..., hny1 € {f—, f+} such
that item (b) of Theorem[{.13is satisfied and

(f;f* - u> () (f;f* - u) (2001) <0, 1<i<n. (4.15)
Proof. Assume that U is spanned by a SH-system on M, {u1,...,u,}. Then, it is an immediate consequence

of (4.11), (4.14), and Theorem O

5. An alternation theorem for r.c.c. from WT-systems

In this section, we derive an alternation theorem for Chebyshev centers relative to WT-spaces on compact
sets on R. First, we establish a relationship between the convergence of a net of n-dimensional linear spaces

and the convergence of any net of Cheyshev centers relative to such linear spaces.

Theorem 5.1. Let {uf,...,u&} be sets of linearly independent functions in C(X), 0 < e < 1. Assume A
is a complete set of uniformly bounded functions in C(X), U, = span{uy,...,uy} and each u§ converges
uniformly as e — 0 to u? on X, 1< j <mn. Then, for any choice of ul € Zx u.(A), there exist a subnet of

{u*}, which we denote, for convenience, using the same indez €, and u* € Uy such that
(a) lim [lug —u*||x =0,

e—0
(b) limrx u, (A) =rx,u,(A),

e—0

(C) u* € ZX,UO(A)-

n
Proof. Let uf € Zxu,.(A), 0 <e <1, and suppose that u? = > c§uj. We observe that
j=1

lucllx < Wfy —ulllx + 1 f4llx <rx o () +[[flx < 2;112 [fllx < oo
€

Since {uY,...,ul} is a set of linearly independent functions in C(X), there are 27 < ... < 2, in X for which
N AN
Rly-++y”n—1,%n

By hypothesis, there exist 0 < €g < 1 and o > 0 such that ||uf|[x < ko and [u§(z;)| < ko for all 0 < € < €

and 1 <4, <n. As the determinant is a continuous function, we also deduce that

: c 0 0 0
. u§, ..U, U, UPyenns Upy_1,Up,
hr% Vv =V > 0.
€E—
21y 9Rn—15%n Z1ly--+yRn—1,%n
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€ € €
ug, .U, U,

So, there exist 0 < €1 < 1 and k1 > 0 for which k1 < |V for all 0 < € < €;. By using

Z1y-++32n—15%n

Cramer’s Rule we have
n

Kkgn! . .
5| < 2—1, 0 < e<min{eg,e1}, 1<j<n. (5.1)

Now, we can find a subnet, which we denote other time with the same index €, such that ¢j converges as
n
e—=0toc;eR, 1<j<n Setu* = ciu(} € Uy. We observe that

=1

n

ken! " .
ur —u*]|x < =2 ZHu;—u?||x—|—2|c§»—cj|||u?HX7 0 < € < min{eg, €1 }.
j=1

K
it

Thus, (a) holds.

Since sup [If — u*llx < sup |f — ufllx + uf — w*llx = rxu, () + us — u|lx, (a) shows that
fea fea
sup ||f — u*||lx <liminfrx y_ (A). (5.2)
fea e—0 y

On the other hand, as rx uy.(A) = sup || f — uf||x < sup ||f —u*||x + ||uf — u*| x, we have
fea fea

limsuprx v, (A) < sup |[f —u’l|x. (5.3)

e—0 fEA

Therefore, (5.2) and (5.3) lead to
limrx u, (A) =sup ||f —u"||x (5.4)
e—0 fea

Now, let d = (dy,...,d,) € R" and u® = Y dju$. It is clear that lim rx v, (A) <sup ||f = X djuf|| . As

j=1 €= feA j=1 x
d is arbitrary, it follows that lg% rx,u.(A) <rxu,(A). Finally l) proves (b) and (c). O

Below, we provide our main result of this section. Precisely, we extend an alternation theorem (Theorem
in the best approximation from weak Chebyshev spaces on a compact set of R to those in relative
Chebyshev center on any compact set of R. Furthermore, we give an intrinsic characterization of those linear
spaces for which an alternation theorem holds. Additionally, this result is further considered to include the

Chebyshev center relative to SH-spaces (Theorem [4.13]).
Theorem 5.2. Let U C C(M) be an n-dimensional linear space. The following statements are equivalent:

(a) U is an n-dimensional WT-space on M ;

(b) for each complete set A of uniformly bounded functions in C(M), either || f— — fillm = raru(A), or
there exist at least one u* € Zp y(A), 0 € {=1,1}, n+1 elements z1 < 22 < ... < zpy1 0 M, and n+1
functions hy, ..., hnt1 € {f—, f+} such that

hilz:) — ' (z) = (=)™ iy p(A), 1<i<n+lL.

s
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Moreover, in the case ||f— — f+|m < raru(A),

(f_;Ler B u*> (2i) (f—;rﬁr ; u*> (zi41) <0, 1<i<n. (5:5)

Proof. Assume that U is an n-dimensional WT-space on M, and let A be a complete set of uniformly bounded
functions in C(M). Suppose that 1| f- — fi|[ar < rar,u(A) and let 0 < € < 1. By hypothesis, there exists a
basis {u1,...,u,} of U that is WT-system on M. From Theorem we see that for every 0 < e < 1, there

exists a SH-system {u§,...,uS} on M such that
lim [luj =l =0, 1<j<n

Let U, = span{ug,...,u}. By Corollary 4.12] it follows that Zys 7. (A) is a unitary set. We put Zys . (A) =
{uf}. According to Theorem there exists u* € Zy,y(A) verifying

lim |luf —u*||lar =0 and limrap, (A) = rauu(A). (5.6)
e—0 e—0

Hence, there is 0 < €9 < 1 such that 1| f- — fi|a < raru, (A) for all 0 < € < €. Let 0 < € < ey. Corollary
implies that there exist 0. € {—1,1}, n + 1 elements z1(e) < za(€) < ... < zp41(€) in M and n + 1
functions h{,...,hy, ;€ {f-, f+} such that

hi(zi(e)) — uf (zi(€) = oe(—1)" " Ty, (A), 1<i<n+l, (5.7)
and
-+ * -+ *
(5 - ) ten (555 ) Gt <0, 6.9
1 < i < n. Since the net {(z1(€),...,2z,(€)) : 0 < € < €} is contained in M™, we can find a subnet, which we

denote other time with the same index €, such that
(a) z;(€) convergesase -+ 0toz; € M, 1 <i<n+1,
(b) z; < zi41, 1 <3<,

(¢) o =0 €{-1,1}, for all ¢,

(d) h§ =h; € {f-, f+}, for all .

Therefore, according to (5.6)-(5.8)) we obtain
hi(z) —u*(z) = o(=1)" iy p(A), 1<i<n+1,
and
<f_J2rf+ — u*) (2i) <f_;f+ — u*) (zi+1) <0, 1<i<n.

20



We claim that

u*(z;) # (W) (z), 1<i<n+1

Indeed, on the contrary, we suppose that there is 1 < ¢ < n + 1 such that u*(z;) = (%) (%), then
= = fellw < rano(A) = 4(f- = f+)(2:)|, which is a contradiction.

Consequently, we deduce that holds and z; < z;41.

Reciprocally, suppose (b) holds, and let f € C(M). If f ¢ U, then the complete set A = {f} satisfies
= = fellar = 0 < raru(A) = ragu(f). By assumption there exist at least one u* € Zyp(f), o € {—1,1},

and n 4 1 elements z; < 29 < ... < zp41 in M, such that
f(z) —u*(z) = o(=1)"" "y p(f), 1<i<n+1.

On the other hand, if f € U, such a result remains valid. Therefore, Theorem implies that U is an
n-dimensional WT-space on M. This completes the proof. O

As an immediate consequence of Lemma [3.2] and Theorems [3.3] and we obtain the following result

about interpolation of relative Chebyshev centers.

Corollary 5.3. Let A be a complete set of uniformly bounded functions in C(M) and let U C C(M) be
an n-dimensional WT-space on M. Then, either 3||f— — fila = rau(A), or there ewist at least one
u* € Zyu(A) and n elements z1 < zo < ... < z, in M* such that Th(u*) interpolates to Ty (%) at
21y, 2n. In particular, u* interpolates to It o 21y, 2n tn M provided that M is a compact interval

2
of R.

For each g € C(X), let
Fx(g) ={2€ X :]g(z)| = llgllx} #0.
When the relative Chebyshev radius and the Chebyshev radius coincide, we can derive a result similar

to [3, Corollary 1.8]. Before we remember that, z € X is a straddle point of (u*; f_, f1)-approximation if
f+(2) —u(2) =u(2) - f-(2) =rx,u(A).

Theorem 5.4. Let A be a complete set of uniformly bounded functions in C(X) and let U C C(X) be an

n-dimensional linear space. The following statements are equivalent:
(a) 5I1f- = Frlx = rxu(d),
(b) for each u* € Zx u(A) and z € Fx(f- — f1), z is a straddle point of (u*; f_, f+)-approxzimation.

In this case, we have u*(z) = (%) (2) for each u* € Zxuy(A) and z € Fx(f- — fy). Further, if
f-+f
5 +

*

21,22,...,2n 0 Fx(f— — fy) are distinct elements, then for each u* € Zx uy(A), u* interpolates to

at 21, ..., 2n 1 X.

21



Proof. (b) = (a) is obvious.
(a) = (b) Let u* € Zx u(A) and let z € Fx(f- — f1), that is, |f—(2) — fr(2)] = ||f= — f+llx. Let

h € {f-, f+} be such that |h(z) — u*(z)| = max{|f-(2) — u*(2)|,|f+(2) — u*(2)|}. From (a) and (2.4), it
follows that

S = fillx = 315-) = £ )] < 50F-() = w @]+ 14 () = w () < Ib(e) - w'(2)
< h—u'llx < rxo(fo, £o) = reo(d) = 27— fillx.

Therefore, 3|f_(2) — f+(2)| = rx,u(A). Further, as $(|f-(z) — u*(2)| + | f4+ () — u*(2)]) = |h(z) — u*(2)|, we
get 1-(2) = f1(2)] = |f-(2) = 0 (2)] = £+ (2) = u(2)], and so, u*(2) = (£57£ ) (2). This proves (b).

The rest of the proof follows easily. O
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